In this paper we compute corrections to the global Casimir effect of a massive scalar field around a static mini black hole at zero and finite temperature due to the Rainbow's Gravity. For this we use the analytical solutions for the scalar field with mass m in the deformed Schwarzschild background.
I. INTRODUCTION
One of the major goals of theoretical physics nowadays is to discover a full quantum theory for the gravitational interaction, which would include backreaction effects of the quantum fields on the spacetime geometry. Unfortunately, the best theory available so far is still the old quantum field theory in curved spacetimes, which is semiclassical in the sense of admitting quantum fields living in a classical smooth spacetime background, without backreaction. Attempts to go beyond the semiclassical theories and to approximate to the quantum gravity consider, in several approaches, the Lorentz symmetry breaking in high energies (UV regimen). In such theoretical descriptions the spacetime effects on the quantum fields are quite nontrivial, as, for instance, in the Hořava-Lifshitz theory (H-L) [1] [2] [3] [4] [5] .
Rainbow's gravity (RG) is another effective quantum gravity theory that implies the Lorentz symmetry breaking in the UV regimen. This theory can be obtained as a generalization to curved spacetimes of the Doubly Special Relativity (DSR) [6] [7] [8] [9] [10] . In this latter, the energy-momentum dispersion relations become nonlinear in very high energies, presupposing also a maximal energy ω max or a minimal length ℓ min . Such quantity is explicitly included in those relations, leading to a theory fundamentally non-local whereas such magnitudes are the Planckian ones (e.g. ω max = ω P , ℓ min = ℓ P ), since it can be derived from the non-commutative geometry [11] . The DSR theory can also be seen as having a "deformed" Lorentz symmetry [12] , such that the standard energy-momentum relations (MDR) in flat spacetime are modified by Planck scale corrections involving functions f (ω/ω P ) and g(ω/ω P ) such that
where m is the rest frame mass of the particle. Global Lorentz invariance is in fact an accidental symmetry related to a particular solution of General Relativity. It is evident that, to be consistent with the standard theory, the functions f (ω/ω P ) and g(ω/ω P ) which appear in Eq. (1) must tend to unity for ω ≪ ω P . It is interesting to note that in some cases there is a correspondence between the H-L and RG descriptions [13] .
In this context, curved spacetimes are now endowed with a nontrivial quadratic invariant, namely, an energy-dependent metric tensor. It means that if a certain observer measures a particle (or wave) with energy ω, then he or she concludes that this probe perceives a metric that generally depends on ω/ω P , which can be seen as a kind of backreaction of the fields on the spacetime. As well as in the H-L theory, the so deformed background spacetime induces nontrivial effects on the quantum fields when compared with their merely semiclassical counterparts [14] [15] [16] [17] [18] [19] , effects which can be local (geometric) and/or global (topological), as in the gravitational Casimir effect [20, 21] .
The Casimir effect is a phenomenon associated to the quantum vacuum oscillations of quantum fields, and originally was studied from the modifications, in Minkowski spacetime, of the zero point oscillations of the electromagnetic field due to the presence of material boundaries, at zero temperature [22] . The present status of the phenomenon is that the effect can also occur considering other quantum fields (for a contemporary review, see [23] ), and also due to nontrivial topologies associated with different spacetimes [24] [25] [26] [27] and even with quantum spaces linked to condensed matter systems [28] .
The investigation of the Casimir effect caused by the non-trivial topology of the spacetime, and not by the presence of physical boundaries, in obtaining the regularized physical quantities associated with the quantum vacuum can unconsider the computation of local magnitudes (as the vacuum expected value of the momentum-energy density) just due to the fact of being a global or topological effect. Thus, the regularization of these quantities can be made directly via Zeta functions [29] . In fact, this aspect was recently explored in an article [30] that studied the effects of the stable part of the quantum vacuum of the massive scalar field around a static black hole, including the thermal effects in mini black holes.
Their authors considered the black hole as having a nontrivial topology due to existence of the singularity, without considering the presence of material boundaries.
The present paper seeks to make an extension of the aforementioned work in order to include aspects of quantum gravity through the deformation of the Schwarzschild spacetime via introduction of the MDR functions defined as
where ξ > 0, and s is a positive integer of order one. These functions are inspired in loop quantum gravity theory and non-commutative space models of gravity [31] . Thus, the present work goes in the direction of investigating, besides the topological Casimir effect around the black hole, the non-local influences due to the Rainbow's Gravity (parameterized here by ω P = 1/ℓ P and ξ). The work will focus on the mini black holes, where the quantum gravity effects are arguably more pronounceable and where the quantum vacuum can be decisive, in their final moments [32] .
The paper is organized as follows: In section II we study the global Casimir effect at zero temperature, in section III we proceed with the analysis at finite temperature and finally, in section IV, we draw the conclusions. to the Schwarzschild gravitational field, given by [16] 1
(where natural units c ≡ ≡ 1 are used).
The gravitational background generated by a static uncharged compact object is given by the Schwarzschild metric now depending on the MDR functions f (ω/ω P ) and g(ω/ω P ).
In spherical coordinates the square line-element invariant reads
where h(r) = 1 − rs r , r s = 2MG is the Schwarzschild radius, dΩ 2 = dθ 2 + sin 2 θ dφ 2 , G = G(0) is the Newton's universal gravitational constant and M is the mass of the source.
By symmetry arguments we assume that solutions of Eq. (3) can be factored as follows
where Y m l l (θ, φ) are the spherical harmonic functions. Inserting Eq. (5) and the metric given by Eq. (4) into (3), we obtain the following radial equation
where λ lm l = l(l + 1) andω
.
The general solution to Eq. (6) is given in terms of the confluent Heun's functions
where x = (r − 2GM)/2GM, over the entire range 0 < x ≤ ∞, with C 1 and C 2 being constants, and the parameters α, β, γ, δ, and η are explicitly written in terms of the rainbow's function are given by:
This is the sum of two linearly independent solutions of the confluent Heun differential equation provided β is not an integer.
In order to have a polynomial confluent Heun function (8), we must impose the so called
∆ N +1 = 0 (11) where N is a non-negative integer. From Eqs. (10) and (2) (with s = 2), we obtain the following expression for the energy levels
where n = N + 1.
Now we must compute the corrections to the global Casimir effect due to the RG. Just as in Ref. [30] we consider two cases: at zero and at finite temperature. Here we consider the first one. For both cases we will need of an explicit expression for the energy modes of the system. In order to obtain this we have to take the limit Mω → 0 in Eq. (12) . This is a natural cutoff since black holes there do not absorb waves when Mω 1/ √ 54 [33] . With this we get the corrected energy for the massive scalar field in the RG which is given by
where ω
Since we are interested in the computation of a remnant Casimir tension we must consider an expansion in the physical parameter M. The modification due to the RG to the energy of the system is then given by
We should point that when we take ξ → 0 the above expression recovers the one found in Ref [30] for the case without RG. For ξ = 0 the right hand side of Eq. (14) above is singular when m 2 ξ = 1. If we recover the unities, we can find that in fact the singularity happens at m ≈ ω P / √ ξ. Therefore this singularity just point to the sub-Planckian limit of validity of the system. We will see that this singularity will also be present in most of the regularized quantities studied here. Anyway we also study the behavior of the system in both regimes:
the sub-Planckian with m 2 ξ < 1 and the trans-Planckian with m 2 ξ > 1. In these regimes Eq. (14) simplifies to
Now we compute the corrections to the remnant Casimir tension due to the RG at zero temperature. First, by using Eq. (15), we can compute the quantum non-regularized vacuum energy
which gives us
for m 2 ξ < 1,
Regularizing the above expression via the Riemann's zeta function, ζ(s) = ∞ n=1 n −s , we arrive at the Casimir Energy
where we have used the fact that ζ(2) = 0 and ζ(0) = −1/2.
On the other side the Casimir tension over the horizon is defined by
where S h is the horizon area. We must be careful since, differently of the case without RG, now the angular part of the RG metric (4) also receives a correction and we get S h = 16πM 2 g −2 (ω/ω P ). However the remnant Casimir tension is defined just in the limit in which
Therefore the horizon area depends on the particle mass, as expected since the metric is coupled to the particle energy. We should point out that for m 2 ξ < 1 the above expression reduces to the standard one when we take the limit ξ → 0. For m 2 ξ > 1 this results show us that this model also implies a residual horizon area for the black hole. Now we finally can compute the tension from Eqs. (19) and (20) . The remnant Casimir tension is defined by τ = lim M →0 τ h and we get
In Fig. (1) we plot the Casimir energy and the remnant Casimir tension for the cases with and without RG. For the case with RG we can see that despite of the fact that the regularized energy is singular, the tension is well behaved for all values of particle mass. This is due to the fact that the horizon area is also modified and the dependence on ξ is canceled in the computation of the tension. An important point about the tension in the sub-Planckian regime is that it is exactly the value found for the non-deformed Schwarzschild metric analyzed in Ref. [30] . This lead us to conclude that the residual tension is an universal property of the black hole (surrounded by a scalar field) evaporation. 
III. GLOBAL CASIMIR EFFECT IN THE RAINBOW'S GRAVITY AT FINITE TEMPERATURE
Now we compute the corrections due to the RG to the thermodynamic quantities of the system. For this we first need of the Helmholtz free energy which is given by [23] 
where ω n are given by Eq. (13) and we get
Since we are interested in the properties of the system when M → 0 we can expand the free energy up to O(M 2 ) to get
Just as the energy in the case at zero temperature, here we get a singular behavior for the free energy at m ≈ ω P . As discussed before we must consider this as a threshold mass pointing to the validity of the system. Anyway we again analyze both regions in order to look for some interesting behavior in the trans-Planckian regime. With this our free energy simplifies to
for m 2 ξ > 1.
(25)
Now we can use Zeta function regularization of the above expression to get
From the above equation we can get the other thermodynamic quantities. The internal energy is given by
and we get
We should point here that for m 2 ξ < 1 and up to the factor (1 − m 2 ξ) −1 , expressions (26) and (28) are similar to the ones found in Ref. [30] for the case without RG. However their results has some wrong sign which we now correct. As we will comment below, this completely changes the conclusions of Ref. [30] . The correct sign can by obtained from our result by taking the limit ξ → 0. The same will happens to the remnant Casimir tension.
The entropy and heat capacity are given by
The entropy is computed from Eq. (26)
for m 2 ξ > 1 (30) and from this we get the heat capacity given by
In Fig. (2) below we plot the free energy and heat capacity of the system. However the free energy is still positive and the heat capacity negative. This means that the quantum vacuum under consideration is thermodynamically unstable for any value of m as in the uncorrected case. Therefore, despite the fact that all thermodynamic quantities are corrected due to RG, the previous conclusions about stability of the system are basically the same. We stress here that this conclusion is also valid for the trans-Planckian case. It is also interesting to analyze the high temperature limit of the entropy which is given by
Therefore, for m 2 ξ < 1 the corrected Casimir entropy is proportional to the horizon area (20) , exactly as in the Hawking entropy. This conclusion was also reached in the case without RG [30] . However, for m 2 ξ > 1, the behavior of the entropy at high temperatures has an anomaly. It is not proportional to the horizon area given in Eq. (20) .
Now we turn our attention to the tension over the horizon. This can be computed from
Eqs. (20) and (28) to gives us
for m 2 ξ > 1. (33) In Fig. 3 we plot the internal energy and tension for the finite temperature case. Again we see that despite to the fact the internal energy is singular at m 2 ξ = 1, we have that the tension is not singular. More important is the fact that for m 2 ξ < 1, as we can from Eq.
(33), the global Casimir effect at finite temperature also do not receive corrections from the RG. We should also analyze the high temperature limit. As said before the internal energy (28) do not recover the result of Ref. [30] due to some mistakes. The consequence is that the correct remnant tension must also be changed. The correct result is obtained from Eq. 33 by taking the limit ξ → 0. This will radically changes the conclusion of that paper for we can see that now the high temperature limit of τ is given by
which is exactly the same value of τ at zero temperature. In Ref. [30] the authors had found a value with opposite sign. By adding this to the tension at T = 0 the total remnant tension was null. The conclusion was that the remnant tension would be "erased" at high temperatures. However as exposed above this is not correct and in fact the total tension will be doubled, as compared to the T = 0 case, when T → ∞. This enforces our conclusion that this is a fundamental and universal property of black hole (surrounded by a scalar field) evaporation.
IV. CLOSING REMARKS
In this manuscript we studied the influence of Rainbow's Gravity (RG) in the global the event horizon area and the Casimir quantities vanish when the black hole evaporates completely, it was found that there is a remnant Casimir tension on the horizon, as in the aforementioned work [30] .
A natural question that arises is if we can use the Schwarzschild metric to describe the final moments of the black hole evaporation. In order to analyze this, we in fact have considered the effective quantum gravity modification of the Schwarzschild metric described by RG. In this theory the metric depends on the energy of the field in the form given by Eq.
(4), parameterized by a dimensionless quantity ξ and by the Planck's energy ω P . First we reviewed how to obtain the solutions of the equation of motion for the massive scalar field in this background metric and, in Eq. (13), found the quantized energies associated with the stationary states around the black hole . This is made in order to investigate the stable part of the regularized quantum vacuum, i.e., the one that is neither scattered nor absorbed by the black hole, which provides, therefore, real values for the energies.
The field eigenvalues of energy are given in Eq. (13) and at this level we already found a singularity at the threshold mass, m ≈ m P / √ ξ. This suggests that our effective model must be valid only in the sub-Planckian regime m < m P / √ ξ. We found that, at zero temperature, both the horizon area and the Casimir energy are modified by a multiplicative factor (1 − m 2 ξ/m 2 P ) −1 and therefore are also singular at the threshold mass. In Fig. (1) we plot the Casimir energy and the remnant Casimir tension. We see that despite the fact that the Casimir energy is singular, the remnant Casimir tension is not. This is due to the fact that the multiplicative factor of the horizon area and energy cancels out. This means in fact that, in the regime m 2 ξ < 1, the tension on the horizon does not receive corrections from RG. This is the first hint that the remnant Casimir tension is an universal property that emerges from complete evaporation of the black hole, which is a consequence of the non-trivial topology of the black hole due to the presence of the singularity at the origin.
Next we considered thermodynamic properties of our system at finite temperature. As in the case at zero temperature, we found in Eqs. (26) , (28) , (30) and (31) that the free energy, internal energy, entropy and heat capacity are modified by the multiplicative factor (1 − m 2 ξ/m 2 P ) −1 in the limit M → 0. Hence we have the same singularity at the field threshold mass. We discover that the result previously found in Ref. [30] has some wrong signals and corrected them. In Fig. (2) we depicted the free energy and heat capacity of the system for β = 1, M = 0.01, k B = 1 and ξ = 1 in order to analyze thermodynamic stability.
We found that for both, the sub-Planckian and the trans-Planckian regimes, the internal energy is positive and the heat capacity is negative. Therefore the system is unstable for any value of the parameter m, just as in the case without RG. We also analyze the high temperature limit of the entropy, Eq. (32), and found that differently of the case ξ = 0, an anomaly emerges since the entropy is no more proportional to the horizon area.
Finally we compute the remnant Casimir tension on the horizon at finite temperature in Eq. (33). In Fig. 3 we plot the internal energy and tension for β = 1, M = 0.01, k B = 1 and ξ = 1. We see here that the same behavior as in the T = 0 case. Namely, despite the fact that the internal energy is singular, the remnant Casimir tension is finite. Due to the corrections of the signals in the expression for the internal energy, the expression for the remnant tension is also different. This radically changes the conclusion since now the limit of high temperature of τ is positive. In fact the value is the same as for the case T = 0.
In Ref. [30] it was obtained that the sum of the remnant Casimir tension at T = 0 and the correction would be zero at high temperatures. However since the signal was wrong in fact the remnant Casimir tension is doubled. We also find that the remnant Casimir tension at finite temperature receives no corrections from RG. Therefore the conclusions are the same as for ξ = 0 at finite temperature and this enforces our previous suggestion that the remnant Casimir tension can be seen as an universal and fundamental property of the black hole evaporation.
